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On indices of 1-forms on determinantal
singularities
W. Ebeling and S. M. Gusein-Zade ∗
Abstract
We consider 1-forms on, so called, essentially isolated determinan-
tal singularities (a natural generalization of isolated ones), show how
to define analogues of the Poincare´–Hopf index for them, and describe
relations between these indices and the radial index. For isolated
determinantal singularities, we discuss properties of the homological
index of a holomorphic 1-form and its relation with the Poincare´–Hopf
index.
Introduction
There are several generalizations of the notion of the index of a singular point
(zero) of a vector field or of a 1-form on a smooth manifold (real or complex
analytic) to vector fields or 1-forms on singular varieties. Some of them
(the radial index, the Euler obstruction) are defined for arbitrary varieties.
The homological index is defined for holomorphic vector fields or 1-forms
on isolated singularities. The GSV (Go´mez-Mont–Seade–Verjovsky) index
or PH (Poincare´–Hopf) index is defined for isolated complete intersection
singularities: ICIS. For definitions and properties of these indices see [5] and
the references there. This paper emerged from an attempt to generalize the
notion(s) of the GSV- or PH-indices from complete intersections to more
general varieties. It is not clear how this can be done in the general setting.
The GSV-index of a vector field or of a 1-form on an ICIS can be considered as
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a (duely understood) localization of the top Chern-Fulton (or Chern-Fulton-
Johnson) class of a variety with isolated complete intersection singularities.
It seems that in general such a localization is not well-defined (at least as an
appropriate index of a vector field or of a 1-form).
A more general class than complete intersection singularities is the class
of determinantal singularities which are defined by vanishing of all the mi-
nors of a certain size of an m × n-matrix. We consider so called essentially
isolated determinantal singularities (EIDS) as a natural generalization of
isolated ones. For a 1-form on an EIDS, we define several analogues of the
Poincare´–Hopf index using natural resolutions of deformations of the EIDS.
We determine relations between these indices and the radial index. For iso-
lated determinantal singularities, we discuss properties of the homological
index of a holomorphic 1-form and its relation with the Poincare´–Hopf in-
dex.
1 Determinantal singularities
A determinantal variety X (of type (m,n, t)) in an open domain U ⊂ CN
is a variety of dimension d := N − (n − t + 1)(m − t + 1) defined by the
condition rkF (x) < t where t ≤ min(m,n), F (x) = (fij(x)) is an m × n-
matrix (i = 1, . . . , m, j = 1, . . . , n), whose entries fij(x) are complex analytic
functions on U . In other words, X is defined by the equations mtIJ(x) = 0
for all subsets I ⊂ {1, . . . , m}, J ⊂ {1, . . . , n} with t elements, where mtIJ(x)
is the corresponding t× t-minor of the matrix F (x).
This definition can be reformulated in the following way. LetMm,n ∼= Cmn
be the space of m × n-matrices with complex entries and let M tm,n be the
subset of Mm,n consisting of matrices of rank less than t, i.e. of matrices all
t × t-minors of which vanish. The variety M tm,n has codimension (m − t +
1)(n−t+1) inMm,n. It is singular. The singular locus ofM tm,n coincides with
M t−1m,n. The singular locus of the latter one coincides with M
t−2
m,n, etc. (see,
e.g., [1]). The representation of the varietyM tm,n as the union ofM
i
m,n\M
i−1
m,n,
i = 1, . . . , t, is a Whitney stratification ofM tm,n. The matrix F (x) = (fij(x)),
x ∈ CN , determines a map F : U → Mm,n and the determinantal variety
X is the preimage F−1(M tm,n) of the variety M
t
m,n (subject to the condition
that codimX = codimM tm,n). For 1 ≤ i ≤ t, let Xi = F
−1(M im,n).
The image of a generic map F : U → Mm,n may intersect the varieties
M im,n for i < t (therefore the corresponding determinantal variety F
−1(M tm,n)
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will have singularities). However, a generic map F intersects the strata
M im,n \ M
i−1
m,n of the variety M
t
m,n transversally. This means that, at the
corresponding points, the determinantal variety has ”standard” singularities
whose analytic type only depends on i = rkF (x) + 1. This inspires the
following definition:
Definition: A point x ∈ X = F−1(M tm,n) is called essentially non-singular
if, at the point x, the map F is transversal to the corresponding stratum of
the variety M tm,n (i.e., to M
i
m,n \M
i−1
m,n where i = rkF (x) + 1).
At an essentially non-singular point x0 ∈ X with rkF (x0) = i− 1,
rk{dmiIJ} = (m− i+ 1)(n− i+ 1)
({dmiIJ} is the set of the differentials of all the i × i-minors of the matrix
F (x)) and, in a neighbourhood of the point x0, the subvariety Xi \ Xi−1 =
{x ∈ X | rkF (x) = i−1} is non-singular of dimension N−(m−i+1)(n−i+1).
At an essentially singular point x ∈ X one has
rk{dmiIJ} < (m− i+ 1)(n− i+ 1) .
Definition: A germ (X, 0) ⊂ (CN , 0) of a determinantal variety of type
(m,n, t) has an isolated essentially singular point at the origin (or is an
essentially isolated determinantal singularity: EIDS) if it has only essentially
non-singular points in a punctured neighbourhood of the origin in X .
An example of an EIDS is an isolated complete intersection singularity
(ICIS): it is an EIDS of type (1, n, 1).
From now on we shall suppose that a determinantal singularity (X, 0) of
type (m,n, t) is defined by a map F : (CN , 0) → Mm,n with F (0) = 0. This
is not a restriction because if F (0) 6= 0 and therefore rkF (0) = s > 0, (X, 0)
is a determinantal singularity of type (m− s, n− s, t− s) defined by a map
F ′ : (CN , 0) → Mm−s,n−s with F
′(0) = 0. We also suppose that dimX > 0,
i.e. N > (m− t+1)(n− t+1). Let ε > 0 be such that, for all positive ε′ ≤ ε,
each stratum Xi \ Xi−1 of the variety X , 1 ≤ i ≤ t, is transversal to the
sphere Sε′ = ∂Bε′ of radius ε
′ centred at the origin in CN . We shall suppose
deformations X˜ of the EIDS (X, 0) being defined in a neighbourhood U of
the ball Bε and being such that the corresponding strata stay transversal to
the sphere Sε.
An essentially isolated determinantal singularity (X, 0) ⊂ (CN , 0) of type
(m,n, t) (defined by a map F : (CN , 0) → (Mm,n, 0)) has an isolated singu-
larity at the origin if and only if N ≤ (m− t+ 2)(n− t+ 2).
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In the sequel we shall consider deformations (in particular, smoothings)
of determinantal singularities which are themselves determinantal ones, i.e.,
they are defined by perturbations of the map F defining the singularity.
Remark. Determinantal singularities (in particular isolated ones) may have
deformations (even smoothings) which are not determinantal (see an example
in [14]). These smoothings may have different topology, say, different Euler
characteristics.
Let (X, 0) ⊂ (CN , 0) be an EIDS defined by a map F : (CN , 0) →
(Mm,n, 0) (X = F
−1(M tm,n), F is transversal to M
i
m,n \M
i−1
m,n at all points
x from a punctured neighbourhood of the origin in CN and for all i ≤ t).
Definition: An essential smoothing X˜ of the EIDS (X, 0) is a subvariety of a
neighbourhood U of the origin in CN defined by a perturbation F˜ : U →Mm,n
of the germ F transversal to all the strata M im,n \M
i−1
m,n with i ≤ t.
A generic deformation F˜ of the map F defines an essential smoothing
of the EIDS (X, 0) (according to the Thom Transversality Theorem). An
essential smoothing is in general not smooth (forN ≥ (m−t+2)(n−t+2)). Its
singular locus is F˜−1(M t−1m,n), the singular locus of the latter one is F˜
−1(M t−2m,n),
etc. The representation of X˜ as the union
X˜ =
⋃
1≤i≤t
F˜−1(M im,n \M
i−1
m,n)
is a Whitney stratification of it. An essential smoothing of an EIDS (X, 0) of
type (m,n, t) is a genuine smoothing if and only if N < (m− t+2)(n− t+2).
One can say that the variety M tm,n has three natural resolutions.
One of them is constructed in the following way (see, e.g., [1]). Let
Gr(k, n) be the Grassmann manifold of k-dimensional vector subspaces in
Cn. Consider m× n-matrices as linear maps from Cn to Cm. Let Y1 be the
subvariety of the product Mm,n × Gr(n − t + 1, n) which consists of pairs
(A,W ) such that A(W ) = 0. The variety Y1 is smooth and connected. Its
projection to the first factor defines a resolution π1 : Y1 →M tm,n of the variety
M tm,n.
If one considers m × n-matrices as linear maps from Cm to Cn, one gets
in the same way another resolution π2 : Y2 → M tm,n of the variety M
t
m,n. In
this case one has Y2 ⊂Mm,n ×Gr(m− t+ 1, m).
The third natural resolution is given by the Nash transform M̂ tm,n of the
variety M tm,n ⊂ Mm,n. The Nash transform Ẑ of a variety Z ⊂ U ⊂ C
N of
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pure dimension d is the closure in the product Z ×Gr(d,N) of the set
{(x,W ) | x ∈ Zreg,W = TxZreg} ,
where Zreg is the set of non-singular points of the variety Z. The Nash
transform may in general be singular. The tautological vector bundle T over
the Nash transform Ẑ is the pull-back of the tautological bundle (of rank d)
over the Grassmann manifold Gr(d,N) (under the projection Z×Gr(d,N)→
Gr(d,N)). Over the preimage of the non-singular part Zreg of the variety Z
the tautological bundle is in a natural way isomorphic to the tangent bundle.
However, if the Nash transform Ẑ is by a chance non-singular, the tautological
bundle and the tangent bundle are in general different.
Let dtm,n := dimM
t
m,n = mn−(m−t+1)(n−t+1) and let Gr(d
t
m,n,Mm,n)
be the Grassmann manifold of dtm,n-dimensional subspaces of Mm,n. The
Nash transform M̂ tm,n is the closure in M
t
m,n ×Gr(d
t
m,n,Mm,n) of the set
{(A, T ) |A ∈M tm,n \M
t−1
m,n = (M
t
m,n)reg, T = TAM
t
m,n}.
As above, let us consider matrices A ∈ M tm,n as operators A : C
n → Cm.
The tangent space to M tm,n at a point A with rkA = t− 1 is
TAM
t
m,n = {B ∈ Mm,n |B(kerA) ⊂ imA}
(see, e.g., [1]). Let α : Gr(n−t+1, n)×Gr(t−1, m)→ Gr(dtm,n,Mm,n) be the
map which sends a pair (W1,W2) (W1 ⊂ Cn, W2 ⊂ Cm, dimW1 = n− t+ 1,
dimW2 = t− 1) to the d
t
m,n-dimensional vector subspace
{B ∈Mm,n |B(W1) ⊂ W2} ⊂Mm,n.
This map is an embedding. The closure of the set of matrices (operators) A
with kerA = W1, imA = W2 ((W1,W2) ∈ Gr(n − t + 1, n) × Gr(t − 1, m))
consists of all operators A with kerA ⊃ W1 and imA ⊂ W2. Therefore
the Nash transform M̂ tm,n of M
t
m,n consists of pairs (A,W ) such that W =
α(W1,W2), kerA ⊃ W1, imA ⊂ W2. This means that the projection of
M̂ tm,n ⊂ M
t
m,n × Gr(d
t
m,n,Mm,n) to the second factor is the projection of a
vector bundle of rank (t− 1)2 over α(Gr(n− t+ 1, n)×Gr(t− 1, m)). Thus
the Nash transform gives a resolution π3 : Y3 := M̂ tm,n →M
t
m,n of the variety
M tm,n.
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2 Poincare´–Hopf indices of 1-forms on EIDS
Let (X, 0) = F−1(M tm,n) ⊂ (C
N , 0) be an EIDS and let ω be a germ of a (com-
plex) 1-form on (CN , 0) whose restriction to (X, 0) has an isolated singular
point (zero) at the origin. This means that the restrictions of the 1-form ω
to the strata Xi \Xi−1, i ≤ t, have no zeros in a punctured neighbourhood
of the origin.
If (X, 0) is an ICIS (i.e. an EIDS of type (1, n, 1)), the PH-index indPH ω
of the 1-form on it is defined as the sum of the indices of the zeros of the
restriction of the 1-form ω to a smoothing X˜ of the ICIS (X, 0) in a neigh-
bourhood of the origin.
An essential smoothing X˜ ⊂ U of the EIDS (X, 0) (in a neighbourhood
U of the origin in CN) is in general not smooth. To define an analogue of
the PH-index one has to construct a substitute of the tangent bundle to X˜ .
It is possible to use one of the following two natural ways.
One possibility is to use a resolution of the variety X˜ connected with one
of the three resolutions of the variety M tm,n described above. Let πi : Yi →
M tm,n be one of the described resolutions of the determinantal variety M
t
m,n
and let X i = Yi ×M tm,n X˜, i = 1, 2, 3, be the fibre product of the spaces Yi
and X˜ over the variety M tm,n:
X i
Πi
}}{{
{{
{{
{{
{

!!
CC
CC
CC
CC
C
X˜
eF | eX !!
CC
CC
CC
CC
Yi
pii
}}{{
{{
{{
{{
M tm,n
The map Πi : X i → X˜ is a resolution of the variety X˜. The lifting ωi :=
(j ◦Πi)∗ω (j is the inclusion map X˜ →֒ U ⊂ CN) of the 1-form ω is a 1-form
on a (non-singular) complex analytic manifold Xi without zeros outside of
the preimage of a small neighbourhood of the origin. In general, the 1-form
ωi has non-isolated zeros.
Definition: The Poincare´–Hopf index (PH-index) indiPH ω = ind
i
PH (ω;X, 0),
i = 1, 2, 3, of the 1-form ω on the EIDS (X, 0) ⊂ (CN , 0) is the sum of the
indices of the zeros of a generic perturbation ω˜i of the 1-form ωi on the
manifold Xi (in the preimage of a neighbourhood of the origin in C
N ).
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In other words, the PH-index indiPH ω is the obstruction to extend the non-
zero 1-form ωi from the preimage (under the map j ◦Πi) of a neighbourhood
of the sphere Sε = ∂Bε to the manifold X i.
The other possibility is to take into account that the space X3 of the
third resolution is the Nash transform of the variety X˜ and to use the Nash
bundle T̂ over it instead of the tangent bundle. This brings the idea of the
Euler obstruction into play.
The 1-form ω defines a non-vanishing section ω̂ of the dual bundle T̂∗
over the preimage of the intersection X˜ ∩Sε of the variety X˜ with the sphere
Sε.
Definition: The Poincare´–Hopf-Nash index (PHN-index) indPHN ω =
indPHN (ω;X, 0) of the 1-form ω on the EIDS (X, 0) is the obstruction to
extend the non-zero section ω̂ of the dual Nash bundle T̂∗ from the preim-
age of the boundary Sε = ∂Bε of the ball Bε to the preimage of its in-
terior, i.e. to the manifold X3, more precisely, its value (as an element
of H2d(Π−13 (X˜ ∩ Bε),Π
−1
3 (X˜ ∩ Sε))) on the fundamental class of the pair
(Π−13 (X˜ ∩ Bε),Π
−1
3 (X˜ ∩ Sε)).
There is another possible definition of the PHN-index which follows from
the property of the Euler obstruction described in [15, Proposition 2.3] (see
also [3, Proposition 2.1]).
Proposition 1 The PHN-index indPHN ω of the 1-form ω on the EIDS (X, 0)
is equal to the number of non-degenerate singular points of a generic defor-
mation ω˜ of the 1-form ω on the non-singular part X˜reg = F˜
−1(M tm,n \M
t−1
m,n)
of the variety X˜.
All the defined indices (as well as the radial one and the local Euler
obstruction) satisfy the law of conservation of number (see, e.g., [5]).
Let χ(X, 0) := χ(X˜ ∩Bε) for an essential smoothing X˜ of the singularity
(X, 0). Let us recall that (Xi, 0) = F
−1(M im,n) , i = 1, . . . , t. The variety
X˜i ⊂ X˜ is an essential smoothing of the EIDS (Xi, 0) (of type (m,n, i)).
Let us denote by Gki the preimage of a point from M
i
m,n \M
i−1
m,n under the
resolution πk, k = 1, 2, 3, of the variety M
t
m,n, i.e.
G1i = Gr(n− t + 1, n− i+ 1),
G2i = Gr(m− t + 1, m− i+ 1),
G3i = Gr(n− t + 1, n− i+ 1)×Gr(m− t+ 1, m− i+ 1).
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One has
χ(G1i ) =
(
n− i+ 1
t− i
)
, χ(G2i ) =
(
m− i+ 1
t− i
)
,
χ(G3i ) =
(
n− i+ 1
t− i
)(
m− i+ 1
t− i
)
.
Proposition 2 One has
indkPH (ω;X, 0) = (−1)
dimX
t∑
i=1
(
(−1)dimXi indrad (ω;Xi, 0)
− (−1)dimXi−1 indrad (ω;Xi−1, 0)
+ (χ(Xi, 0)− χ(Xi−1, 0))) · χ(G
k
i ).
where we set X0 = {0} (and therefore indrad (ω;X0, 0) = 1) and χ(X0, 0) = 0.
Remark. 1. If N < mn several summands in the formula of Proposition 2
vanish.
2. Note that dimXi is equal to
max{0, N − (m− i+ 1)(n− i+ 1)}.
Proof . There exists a 1-form ω˜ which coincides with ω in a neighbourhood
of the sphere Sε such that it is radial in a neighbourhood of the origin and,
in a neighbourhood of each singular point x0 on Xi \Xi−1, it looks as follows.
There exists a local biholomorphism h : CdimXi ×Mm−i+1,n−i+1 → (CN , x0)
which sends CdimXi×M t−i+1m−i+1,n−i+1 onto X (and therefore C
dimXi×{0} onto
Xi) and one has h
∗ω˜ = p∗1ω
′ + p∗2ω
′′ where p1 and p2 are the projections of
CdimXi ×Mm−i+1,n−i+1 to the first and second factor respectively, ω
′ is a 1-
form on (CdimXi, 0) with a non-degenerate zero at the origin (and therefore
indrad (ω
′;CdimXi, 0) = ±1) and ω′′ is a radial 1-form on (Mm−i+1,n−i+1, 0).
The sum of the indices of the zeros of the 1-form ω˜ on Xi \Xi−1 is equal to
indrad (ω;Xi, 0)− (−1)
dimXi−dimXi−1 indrad (ω;Xi−1, 0).
Let X˜ = F˜−1(M tm,n) be an essential smoothing of the singularity (X, 0) (F˜
is small generic pertubation of F ). Since outside of a small neighbourhood
Bε′ of the origin (such that ω˜ is radial on its boundary Sε′), X and X˜ are
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diffeomorphic to each other (as stratified spaces), we can suppose ω˜ to have
the same singular points on X˜ \Bε′. Changing ω˜ inside the ball Bε′, we can
suppose that all the singular points of the 1-form ω˜ on X˜ are of the type
described above. The sum of the indices of the zeros of the 1-form ω˜ on
(X˜i \ X˜i−1) ∩ Bε′ is equal to
(−1)dim
eXi(χ(X˜i ∩Bε′)− χ(X˜i−1 ∩Bε′)) = (−1)
dim eXi(χ(Xi, 0)− χ(Xi−1, 0))
(the sign (−1)dim
eXi reflects the difference between the radial index of a com-
plex 1-form and of its real part, see, e.g., [2]). Therefore the sum of the
indices of the zeros of the 1-form ω˜ on the entire stratum X˜i \ X˜i−1 is equal
to
indrad (ω;Xi, 0)− (−1)
dimXi−dimXi−1 indrad (ω;Xi, 0)
+ (−1)dim
eXi(χ(Xi, 0)− χ(Xi−1, 0)).
Applying one of the three possible resolutions of the variety X˜ over a point of
X˜i \ X˜i−1, we glue in a standard fibre Gki (a Grassmanian or a product of two
of them). The sum of the indices of the zeros of a generic perturbation of the
radial 1-form on the corresponding resolution of M t−i+1m−i+1,n−i+1 (the normal
slice to X˜i in X˜) is equal to (−1)dim
eX−dim eXiχ(Gki ). Therefore the corre-
sponding PH-index of the 1-form is given by the formula of Proposition 2.

In the formula expressing the radial index of a 1-form in terms of the
Euler obstructions of the 1-form on the different strata [2], there participate
certain integer coefficients ni. Up to sign they are equal to the reduced Euler
characteristics of generic hyperplane sections of normal slices of the variety
at points of different strata of a Whitney stratification. (The reduced Euler
characteristic χ(Z) of a topological space Z is χ(Z)−1.) For a determinantal
singularity X = F−1(M tm,n) outside of the origin these slices are standard
ones: a normal slice to the stratum Xi\Xi−1 (Xi = F−1(M im,n)) is isomorphic
to (M t−i+1m−i+1,n−i+1, 0). Therefore one has the problem to compute the Euler
characteristic of a generic hyperplane section of the variety M tm,n.
Proposition 3 Let ℓ : Mm,n → C be a generic linear form and let Ltm,n =
M tm,n ∩ ℓ
−1(1). Then, for t ≤ m ≤ n, one has
χ(Ltm,n) = (−1)
t
(
m− 1
t− 1
)
.
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Proof . The linear form ℓ can be written as ℓ(A) = trCA for a certain
(generic) n × m-matrix C. Since trCA = trS−11 CS2S
−1
2 AS1 for invertible
matrices S1 and S2 of size n × n and m ×m respectively, one can suppose
that
C =
(
Im
0
)
where Im is the unitm×m-matrix and 0 is the zero matrix of size (n−m)×m.
Thus one has ℓ(A) =
∑m
i=1 aii for A = (aij).
For I ⊂ {1, . . . , m}, I 6= ∅, let
LI = {A ∈ L
t
m,n | aii 6= 0 for i ∈ I, aii = 0 for i 6∈ I}.
The space Ltm,n is the union of the spaces LI and therefore χ(L
t
m,n) =∑
I
χ(LI).
Let I as above be fixed and let k = #I be the number of elements of I.
Without loss of generality we can suppose that I = {1, . . . , k}. Let
BI = {(α1, . . . , αk) ∈ C
k |αi 6= 0,
∑
αi = 1},
CI =
{
A ∈ LI
∣∣∣∣ aii = 1k for i = 1, . . . , k
}
.
One can see that the space LI is the direct product of the spaces BI and CI .
The corresponding projections to BI and CI are defined by
p1(A) = (a11, . . . , akk),
p2(A) = D
(
1
ka11
, . . . ,
1
kakk
, 1, . . . , 1
)
A
whereD(α1, . . . , αs) is the diagonal s×s-matrix with diagonal entries α1, . . . , αs.
The inclusion-exclusion formula gives
χ(BI) = 1−
(
k
1
)
+
(
k
2
)
± . . .+ (−1)k−1
(
k
k − 1
)
= (−1)k−1.
To compute the Euler characteristic of the space CI , let us consider the action
of the group (C∗)n on CI defined by
(λ1, . . . , λn) ∗ A = D(λ
−1
1 , . . . , λ
−1
m )AD(λ1, . . . , λn)
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for λi ∈ C∗. The Euler characteristic of the space CI is equal to the Euler
characteristic of the set of fixed points of the action. One can see that, if
k < t, the only fixed point of this action is the m× n-matrix(
1
k
Ik 0
0 0
)
,
if k ≥ t, the action has no fixed points. Therefore
χ(CI) =
{
1 for k < t,
0 for k ≥ t.
Summarizing we have
χ(Ltm,n) =
t−1∑
k=1
(−1)k−1
(
m
k
)
− 1 =
t−1∑
k=0
(−1)k−1
(
m
k
)
= (−1)t
(
m− 1
t− 1
)
.

Following [2], for i ≤ j, let
nij := indrad (dℓ;M
j−i+1
m−i+1,n−i+1, 0) = (−1)
dij−1χ(Lj−i+1m−i+1,n−i+1)
= (−1)(m+n)(j−i)
(
m− i
m− j
)
,
where dij is the dimension of M
j−i+1
m−i+1,n−i+1 equal to (m− i+ 1)(n− i+ 1)−
(m− j + 1)(n− j + 1).
Proposition 4 One has
indrad (ω;X, 0) =
t∑
i=1
nitindPHN (ω;Xi, 0) + (−1)
dimX−1χ(X, 0).
Proof . Consider the 1-form ω on the essential smoothing X˜ of the singularity
(X, 0). There exists a 1-form ω˜ which coincides with ω in a neighbourhood
of the sphere Sε such that in a neighbourhood of each singular point x0
on X˜i \ X˜i−1 it looks as follows. There exists a local biholomorphism h :
(Cdim
eXi ×Mm−i+1,n−i+1, 0) → (CN , x0) which sends Cdim
eXi ×M t−i+1m−i+1,n−i+1
onto X˜ (and therefore Cdim
eXi ×{0} onto X˜i) and one has h∗ω˜ = p∗1ω
′+ p∗2dℓ
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where p1 and p2 are the projections of C
dim eXi×Mm−i+1,n−i+1 to the first and
second factor respectively, ω′ is a 1-form on (Cdim
eXi , 0) with a non-degenerate
zero at the origin (and therefore indrad (ω
′;Cdim
eXi, 0) = ±1), and ℓ is a generic
linear form on Mm−i+1,n−i+1. Note that the local form of the singular points
of the 1-form ω˜ here is different from that in the proof of Proposition 2. The
sum of the indices of the zeros of the 1-form ω˜ on X˜i \ X˜i−1 coincides with
the PHN-index indPHN (ω;Xi, 0) of the 1-form ω on the variety Xi. Therefore
the sum of the radial indices of the singular points of the 1-form ω˜ on X˜ is
equal to
t∑
i=1
indPHN (ω;Xi, 0) · indrad (dℓ;M
t−i+1
m−i+1,n−i+1, 0) =
t∑
i=1
indPHN (ω;Xi, 0)nit.
On the other hand it is equal to
indrad (ω;X, 0) + (−1)
dimX(χ(X˜)− 1) = indrad (ω;X, 0) + (−1)
dimXχ(X, 0).

Let N be the upper triangular t × t-matrix with the entries nij for i ≤
j ≤ t, and let M = (mij) = N−1. One can see that, for i ≤ j ≤ t,
mij = (−1)
(m+n+1)(j−i)
(
m− i
m− j
)
.
(This follows from the known formula
s∑
k=r
(−1)k
(
s
k
)(
k
r
)
= 0 for 0 ≤ r < s, see,
e.g., [12, (2.1.4)].)
The inverse to Proposition 4 is the following statement.
Proposition 5 One has
indPHN (ω;X, 0) =
t∑
i=1
mit
(
indrad (ω;Xi, 0) + (−1)
dimXiχ(Xi, 0)
)
.
3 Isolated determinantal singularities
For isolated determinantal singularities, the relations between the PH-, the
PHN- and the radial indices simplify but are somewhat different in the (de-
terminantally) smoothable and in the non-smoothable cases (i.e. for N <
(m− t+ 2)(n− t+ 2) and N = (m− t+ 2)(n− t+ 2) respectively).
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For isolated smoothable singularities all Poincare´–Hopf indices (including
the Poincare´–Hopf-Nash index) coincide and they are equal to
indPH (ω;X, 0) = indrad (ω;X, 0) + (−1)
dimXχ(X, 0).
Let (X, 0) = F−1(M tm,n) ⊂ (C
N , 0) be an isolated non-smoothable deter-
minantal singularity, i.e. N = (m − t + 2)(n − t + 2). The singular locus
X˜t−1 = F˜
−1(M t−1m,n) of an essential smoothing X˜ = F˜
−1(M tm,n) of the singu-
larity (X, 0) consists of isolated points. The number of these points is the
Euler characteristic χ(Xt−1, 0) of the stratum X˜t−1. Therefore the relations
from Propositions 2 and 5 reduce to the following ones.
Proposition 6 For N = (m− t+2)(n− t+2), the relation between the PH-
and the radial index reduces to
indkPH (ω;X, 0) = indrad (ω;X, 0) + (−1)
dimX
(
χ(X, 0) + χ(Xt−1, 0)χ(G
k
t−1)
)
where
χ(G1t−1) = n−t+1, χ(G
2
t−1) = m−t+1, χ(G
3
t−1) = (m−t+2)(n−t+2)−1
and k = 1, 2, 3. The relation between the PHN- and the radial index reduces
to
indPHN (ω;X, 0)
= indrad (ω;X, 0) + (−1)
dimXχ(X, 0) + (−1)m+n+1(m− t+ 1)χ(Xt−1, 0).
One has the following formula for χ(Xt−1, 0) in this case.
Proposition 7 Let I t−1F be the ideal in the ring OCN ,0 generated by all the
(t− 1)× (t− 1)-minors of the matrix F (x). Then
χ(Xt−1, 0) = dimOCN ,0/I
t−1
F .
Proof . This follows from the fact that χ(Xt−1, 0) is the intersection number
of the image F (CN) of the map F with the Cohen-Macaulay variety M tm,n ⊂
Mm,n defined by vanishing of the (t− 1)× (t− 1)-minors. 
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4 The homological index for IDS
For an isolated singular point of a holomorphic 1-form ω on an isolated
singularity (X, 0) ⊂ (CN , 0) (of pure dimension d) the homological index was
defined in [6]. The homological index indhom ω = indhom (ω;X, 0) is (−1)d
times the Euler characteristic of the complex
0→ Ω0X,0
∧ω
→ Ω1X,0
∧ω
→ . . .
∧ω
→ ΩdX,0 → 0 ,
where ΩkX,0 is the module of holomorphic differential k-forms on (X, 0), i.e.
the module Ωk
CN ,0 factorized by the equations of variety X and by the wedge
products of their differentials with the module Ωk−1
CN ,0
. For an isolated com-
plete intersection singularity (X, 0) = {f1 = . . . = fk = 0} ⊂ (CN , 0)
(k := N − d) the homological index indhom ω is equal to dimCΩdX,0/ω ∧Ω
d−1
X,0 ,
it coincides with the PH- (or GSV-) index, and it is equal to the dimension
of the factor ring AX,ω of the ring OCN ,0 of germs of functions on (C
N , 0) by
the ideal generated by the functions fi and the (k + 1) × (k + 1)-minors of
the matrix 

∂f1
∂x1
· · · ∂f1
∂xN
...
. . .
...
∂fk
∂x1
· · · ∂fk
∂xN
A1 · · · AN

 .
Proposition 8 For a holomorphic 1-form ω on an IDS (X, 0) with an iso-
lated singular point (zero) at the origin one has
indhom ω = dimCΩ
d
X,0/ω ∧ Ω
d−1
X,0 .
Proof . We use the following version of a particular case of the de Rham
Lemma from [10, Lemma 1.6].
Statement. Let ω be a holomorphic 1-form on an isolated singularity (X, 0).
Then the kernel of the mapping
∧ω : ΩpX,0 → Ω
p+1
X,0
is equal to ω ∧Ωp−1X,0 if 0 ≤ p < codhOX,0 − dimC(ω,X), where codhOX,0 is
the homological codimension of the ring OX,0 and C(ω,X) is the set of zeros
of the 1-form ω on X .
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In [10] the statement is formulated for ω = df for a holomorphic function
f : (CN , 0)→ (C, 0). However (as G.-M. Greuel pointed out to us) the proof
is also valid for an arbitrary holomorphic 1-form ω.
In our case the 1-form ω has an isolated singular point on (X, 0) and
therefore C(ω,X) = {0}. Moreover (X, 0) (being a determinantal singular-
ity) is Cohen-Macaulay [8]. Therefore codhOX,0 = dimX . 
For a reduced space curve singularity (which is always determinantal of
type (m,m + 1, m)) V.V. Goryunov [9] has defined a Milnor number for
a holomorphic function f with an isolated singularity on the curve. This
notion was extended to arbitrary reduced curve singularities by D. Mond
and D. van Straten [13]. Almost the same definition applies to a holomorphic
1-form with an isolated singular point on the curve giving a number which
can be considered as an index (GMvS-index indGMvS ω) of the 1-form ω.
If the curve singularity is smoothable, the GMvS-index coincides with the
Poincare´–Hopf index defined by a smoothing. (All smoothings of a curve
singularity have the same Euler characteristic and therefore the Poincare´–
Hopf index is independent of the smoothing.)
The homological index of a 1-form on a curve singularity (C, 0) is, in
general, different from the GMvS-index. Let (C, 0) be the normalization
of the curve singularity (C, 0) and let τ = dimC ker(Ω
1
C,0 → Ω
1
C,0
), λ =
dimC ωC,0/c(Ω
1
C,0), where ωC,0 is the dualizing module of Grothendieck, c :
Ω1C,0 → ωC,0 is the class map. Then one has
indhom ω = indGMvS ω − λ+ τ
(see, e.g., [6]).
By [13], the GMvS-index of a 1-form ω =
3∑
i=1
Aidxi on a space curve
singularity (C, 0) defined by vanishing of the m×m-minors ∆1, . . . , ∆m+1 of
an m× (m+ 1)-matrix F (x) is equal to the dimension of the factor algebra
AC,ω of the algebra OC3,0 by the ideal generated by the equations ∆1, . . . ,
∆m+1 of the curve and by the 3× 3-minors of the matrix

∂∆1
∂x1
∂∆1
∂x2
∂∆1
∂x3
...
...
...
∂∆m+1
∂x1
∂∆m+1
∂x2
∂∆m+1
∂x3
A1 A2 A3

 =:
(
d∆i
ω
)
.
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In [13] the statement is formulated for a 1-form ω being the differential of a
holomorphic function, however, the proof can be adapted to the general case.
In fact the statement for arbitrary 1-forms can be deduced from the one for
differentials of functions.
A natural generalization of the algebras AX,ω for an ICIS (X, 0) and
AC,ω for a space curve singularity (C, 0) to a 1-form ω =
N∑
i=1
Aidxi on an IDS
(X, 0) = F−1(M tm,n) ⊂ (C
N , 0) of type (m,n, t) is the algebra AX,ω defined
as the factor algebra of the algebra OCN ,0 by the ideal IX,ω generated by the
t × t-minors mtIJ of the matrix F (x) and by the (c + 1)× (c + 1)-minors of
the matrix (
dmtIJ
ω
)
whose rows are the components of the differentials of the minors mtIJ (#I =
#J = t) and of the 1-form ω, where c = (m − t + 1)(n − t + 1) is the
codimension of the IDS (X, 0). The algebra AX,ω has finite dimension as a
complex vector space.
Proposition 9 For a (determinantally) smoothable IDS (X, 0) one has
dimCΩ
d
X,0/ω ∧ Ω
d−1
X,0 ≥ indPH ω ,
dimCAX,ω ≥ indPH ω .
Proof . Let Fλ : U → Mm,n be a 1-parameter deformation of the map F
(F0 = F ) such that Xλ = F
−1
λ (M
t
m,n) is a smoothing of the IDS (X, 0), and
let ωλ be a deformation of the 1-form ω such that, for λ ∈ C\{0}, the 1-form
ωλ has only non-degenerate zeros on the manifold Xλ (the number of these
points is the PH-index indPH ω of the 1-form ω). The family ωλ defines a
1-form ωˇ on Y = U × C (without the differential dλ). The OU×C-modules
ΩdY/C/〈mIJΩ
d
Y/C, dmIJ ∧ Ω
d−1
Y/C, ωˇ ∧ Ω
d−1
Y/C〉 and OY /IY,ωˇ
(ΩdY/C := Ω
d
Y /dλ ∧ Ω
d−1
Y ) have support on the curve consisting of singular
points of the 1-forms ωλ on the fibres Xλ. For each of these sheaves F and
for y ∈ Y , let ν(y) be the dimension of the vector space C ⊗OC,λ Fy. For
λ 6= 0, ν(λ) =
∑
x∈U ν(x, λ) is equal to the PH-index indPH ω of the 1-form
ω. Now the statement follows from the semicontinuity of the function ν(λ).

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One can show that, in general, the inequalities in Proposition 9 may be
strict and the left hand sides of them may also be different.
Example. Let (X, 0) ⊂ (C4, 0) be the surface determinantal singularity of
type (2, 3, 2) defined by the matrix(
z y + u x
u x y
)
(x, y, z, u are the coordinates in C4), and let ω = du. Then one has
indPH ω = 3.
This follows from the fact that X is the space of a 1-parameter deformation
(with parameter u) of the space curve singularity (C, 0) defined by the matrix(
z y x
0 x y
)
.
A versal deformation of the singularity (C, 0) has the form(
z y + b x+ c
a x y
)
with the discriminant a(b2 − c2) = 0 (see, e.g., [7]). A smoothing of X can
be given by taking a = b = u, c = λ 6= 0. The corresponding 1-parameter
family in u intersects the discriminant at 3 points where the function u has
non-degenerate critical points.
On the other hand
dimCΩ
2
X,0/ω ∧ Ω
1
X,0 = 6,
dimCAX,ω = 5.
(The calculations were made with the help of the computer algebra system
Singular [11].)
Remark. For a 1-form on a smoothable IDS (X, 0) ⊂ (CN , 0) with an
isolated singular point on (X, 0), there is a well defined quadratic form on
the module ΩdX,0/ω ∧ Ω
d−1
X,0 constructed in a way similar to [4].
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